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Abstract 
Special polynomials play a role in several aspects of soliton dynamics.  These are differential 
polynomials in u, the solution of a nonlinear evolution equation, which vanish identically when u 
represents a single soliton.  Local special polynomials contain only powers of u and its spatial de-
rivatives.  Non-local special polynomials contain, in addition, non-local entities (e.g., ∂x-1u).  When 
u is a multiple-solitons solution, local special polynomials are localized in the vicinity of the soli-
ton-collision region and fall off exponentially in all directions away from this region.  Non-local 
ones are localized along soliton trajectories. 
 
Examples are presented of how, with the aid of local special polynomials, one can modify equa-
tions that have only a single-soliton solution into ones, which have that solution as well as, at 
least, a two-solitons solutions. 
 
Given an integrable equation, with the aid of local special polynomials, it is possible to find all 
evolution equations in higher scaling weights, which share the same single-soliton solution and are 
either integrable, or, at least, have a two-solitons solution.  This is demonstrated for one or two 
consecutive scaling weights for a number of known equations. 
 
In the study of perturbed integrable equations, local special polynomials are responsible for inelas-
tic soliton interactions generated by the perturbation in the multiple-soliton case, and for the (pos-
sible) loss of asymptotic integrability.  Non-local special polynomials describe higher-order cor-
rections to the solution, which are of an inelastic nature. 
 
PACS: 02.30.IK, 02.30.Mv, 05.45.-a 
1. Special polynomials – Definition and properties 
Special polynomials are differential polynomials in u, the solution of a nonlinear evolution equa-
tion, which vanish when u is a single-soliton solution.  They are local if they contain only powers 
of u and ∂xku.  They are non-local, if they also contain non-local entities, e.g., q(1,1) ≡ ∂x−1u.  Like 
evolution equations, special polynomials may be classified according to scaling weight, W.  Con-
sider, for example, the KdV equation: 
 
 u
t
= S
2
KdV
u[ ] = 6uu1 + u3 uk ! "x
k
u( )   , (1) 
 
Assigning weights (2, 3, 1) to u, ∂t and ∂x, respectively, Eq. (1) has W = 5 [1-8].  (The lowest 
symmetry, S1 = ∂xu, has W = 3.) 
 
The single-soliton solution is given by: 
 
 uSingle k[ ] = 2 k2( ) cosh[k x + vt( ){ }
2   . (2) 
 
Special polynomials exist in the KdV case for W ≥ 3.  There are a finite number of linearly inde-
pendent special polynomials in every W.  They will be denoted by R(W,l).  Possible choices for the 
linearly independent R(W,l) in 3 ≤ W ≤ 5 (all non-local!) are: 
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q(W,l) are bounded non-local entities of scaling weight W.  Some are listed Appendix I.  The con-
struction of special polynomials is demonstrated in Appendix II. 
 
A local special polynomial appears for the first time in W = 6, and is given by 
 
 R 6,1( ) = u3 ! u
1( )
3
+ uu
2
  . (6) 
 
When u is a multiple-solitons solution, local R(W,l) are appreciable only in the soliton-collision re-
gion, and fall off exponentially in all directions in the x – t plane [35, 36].  (See, e.g., Fig.1.) 
 
In contrast, non-local R(W,l) are localized along soliton trajectories.  They are of a purely inelastic 
nature:  Away from the soliton collision region, a non-local special polynomial tends asymptoti-
cally into a linear combination of the individual solitons, the amplitude of each affected only by 
the wave numbers of the other solitons.  For example, when u is a 3-solitons solution, the asymp-
totic form of R(3,1) of Eq. (3) is: 
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In every scaling weight W, some R(W,l), but not all, can be constructed by the application of scaling-
weight raising operations to R(W −1).  (See, e.g. Eqs. (4) and (5)).)  Hence, R(W ), the space of special 
polynomials with scaling weight W, may be decomposed as follows: 
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!R
W( ) contains special polynomials, which are not obtained by applying scaling-weight raising 
operators to R(W −1 ). 
 
Finally, R(W,l) may not be independent under linear combinations that involve operators, which 
raise or lower the scaling weight.  For example, 
 
 R 3, 2( ) = 3 R 3,1( ) ! "
x
!1
q
1,1( )
R
3,1( )( ){ } , R 4, 4( ) = 2 R 4, 2( ) ! "x!1 q 1,1( ) R 4,1( )( ){ }   . (9) 
 
2. From a single soliton to many solitons – a new perspective1 
It is customary to attribute the existence of soliton solutions of evolution equations to competition 
between nonlinear and dispersive terms.  In this section, a new perspective is proposed, exploiting 
local special polynomials. 
 
Consider the KdV equation (scaling weight, W = 5).  When u is a single-soliton solution, using the 
fact that R(6,1)[u] = 0, one can reduce Eq. (1) to a first-order equation: 
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A similar reduction is obtainable for all equations with W > 5, which have the same single-KdV-
soliton solution.  In W = 7 there are two integrable equations: A symmetry of the KdV equation 
[1-22] and the Sawada-Kotera (SK) equation [24], given by 
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Three equations have been identified in W = 9.  Two are symmetries of the KdV and SK equations 
(hence, both integrable [1-22]), given, respectively, by 
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1 These ideas resulted from discussions with G.I. Burde, for which the author is indebted. 
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The third equation is the Caudrey-Dodd-Gibbon (CDG) equation, for which the existence of sin-
gle-soliton and two-soliton solutions was demonstrated [26]: 
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Eqs. (1), (11)-(15) have different multiple-solitons solutions, but share the same single-soliton so-
lution.  Exploiting the fact that local special polynomials vanish when u is a single-soliton solu-
tion, Eqs. (1), (11)-(15) can be reduced for that case to 
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Although it does not contain explicit dispersive terms, Eq. (16) is solved by the single-KdV-
soliton solution of Eq. (2).  However, multiple-solitons solutions of Eqs. (1), (11) - (15) obey Eq. 
(16) only asymptotically far from the soliton-collision region, where both right- and left-hand 
sides of Eq. (16) tend to 
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To obtain equations that have the same single-soliton solution, and, perhaps, also multiple-soliton 
solutions, one needs to add to Eq. (16) a term, which is written as: 
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R(6 n + 3)[u] is a polynomial of scaling weight 6 n + 3.  In view of Eqs. (16) and (17), it must vanish 
for a single-soliton solution, and be localized in the soliton-collision region when u is a multiple-
soliton solution; hence, it has to be a local special polynomial. 
 
For W = 5 (n = 1), R(6 n + 3)[u] has scaling weight 9.  There are four linearly independent local spe-
cial polynomials with W = 9 [36]: 
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Hence, for n = 1, Eq. (18) may be re-written as 
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One now requires that Eq. (20) be a differential polynomial of scaling weight W = 5.  This deter-
mines a1 – a4 uniquely and the KdV equation is resurrected. 
 
In W > 5, this procedure leaves some freedom.  Consider W =7 (n = 2).  The local special polyno-
mial, R(6 n + 3)[u] in Eq. (19) now has scaling weight 15.  There are 35 linearly independent local 
special polynomials with this weight!  Requiring that Eq. (18) be a differential polynomial of W = 
7, the coefficients of these polynomials, but one, are determined, leading to a more meaningful 
formulation of Eq. (18), which contains one free parameter: 
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S
3
KDV  is the W = 7 symmetry of the KdV equation (see Eq. (11)), and R 7,1( )  is the only local special 
polynomial in W = 7 (there are 36 non-local ones!), given by: 
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x
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Eq. (21) is a one-parameter family of W = 7 equations, all of which have the same single-KdV-
soliton solution.  Up to trivial re-scaling, it is the most general family with this property.  In higher 
scaling weights, such families will be multiple-parameter ones, because the number of linearly in-
dependent local special polynomials grows with W.  In the W = 5 case, there was no ambiguity as 
there is no local special polynomial in W = 5. 
 
The same ideas apply to other integrable evolution equations.  For example, for a single-NLS-
soliton solution, the NLS equation can be reduced to the following equation, which is solved by 
the single-soliton solution, but not by multiple-solitons solutions: 
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With scaling weight assignments to ψ, ∂x and ∂t of, respectively, 1, 1 and 2, the NLS equation has 
W = 3.  As there isn’t a local special polynomial in W = 3, the NLS equation, like the KdV equa-
tion, is resurrected uniquely: 
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R(4,1) is a local special polynomial of W = 4; it vanishes when is ψ a single-NLS-soliton solution.  
When is ψ a multiple-NLS-soliton solution, R(4,1) is localized in the soliton collision region.  In 
higher scaling weights, multiple-parameters families of equations, which share the same single-
NLS-soliton solution will emerge. 
3. Special polynomials in the search for integrable equations [37] 
Given an integrable evolution equation, with the aid of special polynomials, it is possible to find 
all the equations in higher scaling weights, which have the same single-soliton solution as the 
original equation and have, at least a two-solitons solution. 
 
3.1 The KdV sequence 
The KdV equation has W = 5.  The first step is the construction of families of equations with W > 
5, all of which have the same single-KdV-soliton solution.  Up to trivial re-scaling, such equations 
are linear combinations of a symmetry [1-22] of the KdV equation (for which Eq. (2) is a solution) 
and all independent local special polynomials in the scaling weight considered.  The W = 7 family 
is the single-parameter family given by Eq. (21).  The W = 9 family has four free parameters: 
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R(9,i) are the four W = 9 linearly independent local special polynomials, given in Eq. (19). 
 
The next step is the search for the equations within a family, which also have a two-solitons solu-
tion, similar in structure to the KdV-two-solitons solution, written as [23]: 
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B is not assigned its KdV value, to allow for the emergence of new equations. 
 
In W = 7, Eq. (21) is solved also by a two-solitons solution only for µ = 0 and 5, corresponding, 
respectively, to the symmetry of the KdV equation, Eq. (11), and to the SK equation, Eq. (12) 
[24], both integrable. 
 
In W = 9, Eq. (25) has also a two-solitons solution only for three sets of values of the coefficients, 
corresponding to the following equations.  The first set is 
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yielding  the W = 9 symmetry of the KdV equation, Eq. (13).  The second set is 
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yielding the W = 9 symmetry of the Sawada-Kotera equation, Eq. (14).  The third set is: 
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yielding the CDG equation, Eq. (15). 
 
Eqs. (13) and (14) are integrable [26].  Eq. (15) was shown to have at least a two-solitons solution 
[26].  Thus, requiring that equations within the family of Eq. (25) have a two-solitons solution of 
the structure of Eq. (26), the already known integrable or potentially integrable equations emerge, 
and none else. 
 
3.2 mKdV sequence  
The mKdV equation (W = 4), 
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is integrable.  Its soliton solutions are obtained through [27] 
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The single-soliton solution is generated by 
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In W = 6, the equations that have the same single soliton solution as Eq. (30) (with soliton velocity 
now equal to k4) constitute a five-parameters family, given by 
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In Eq. (34), S
3
MKDV
u[ ]  is the W = 6 symmetry of the mKdV equation.  The independent local spe-
cial polynomials (vanishing when u is a single-mKdV-soliton solution) are: 
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To allow for the emergence of more than one equation that has two-solitons solutions, free coeffi-
cients in Eq. (33) were allowed: 
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However, the only set of values of αi, 1 ≤ i ≤ 5, for which Eq. (34) also has a two-solitons solu-
tion, is αi = 0; Eq. (34) is reduced to the symmetry of the mKdV equation: 
 u
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In W = 8, the equations that have a single-mKdV soliton solution constitute a 13-parameters fam-
ily.  However, again, the only equation that has both a single- and mKdV-like two-solitons solu-
tions is the symmetry of the mKdV equation: 
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3.3 The Kaup-Kupershmidt sequence  
The Kaup-Kupershmidt (KK) equation (W = 7) [28-31], 
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is integrable.  Its solutions are obtained through the Hirota algorithm [23] as: 
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In the single-soliton case, f(t,x) is given by 
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The W = 9 family of equations that have the same single-KK-soliton solution is a two-parameter 
family, given by 
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The two linearly independent local special polynomials in W = 9 are 
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To find the equations within this family, which also have a two-solitons solution, we search for 
solutions of the form 
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Prospective equations correspond to specific values of α1 and α2 in Eq. (4) and of the coefficients 
in Eq. (46).  The analysis yields that the only W = 9 equation, which has KK-type single- as well 
as two-solitons solutions, is the symmetry S
3
KK
u[ ] , obtained for 
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3.4 The bidirectional KdV (bKdV) sequence – an example of success 
The bKdV equation is integrable [25, 26].  It is given by: 
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with S
2
KdV
u[ ]  defined in Eq. (1). 
 
Eq. (48) has left- and right-moving soliton solutions.  The solitons have the profiles of unidirec-
tional KdV solitons, except for soliton velocity, which is given by 
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S
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KdV
u[ ]  has W = 5.  Hence, in Eq. (48), !xS2
KdV
u[ ]  has W = 6.  As there is one W = 6 local special 
polynomial, R(6,1) of Eq. (6), a question arises regarding the uniqueness of Eq. (48).  Namely, are 
there other equations in this scaling weight, which have the potential to be integrable?  To this 
end, consider the single-parameter family 
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Requiring that it have both single-and two-solitons solutions yields that µ = 0 is the only possibil-
ity, so that Eq. (48) is the only integrable one in this scaling weight. 
 
The sequence of higher scaling weight generalizations of Eq. (48) was identified in [26].  In the 
following, it is constructed through the exploitation of special polynomials. 
 
We study the generalization to W = 8 and 10, for which the velocity of each bKdV soliton is given 
by 
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Consider, first W = 8.  The naïve extension of Eq. (48) is obtained by replacing S
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KdV
u[ ]  by its 
next symmetry, S
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u[ ] , given by Eq. (11): 
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However, one readily finds that Eq. (52) has only a single-soliton solution, and does not have even 
a two-solitons solution.  The question that arises naturally is whether special polynomials may 
help us to find equations that have, at least a two-solitons solution. 
 
There are three independent local special polynomials in W = 8: 
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Hence, the W = 8 equations, which have the same single-soliton solution as Eq. (52) constitute a 
three parameters family, given by 
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Only one set of allowed values for αi exists, for which Eq. (54) also has the two-solitons solution, 
of Eq. (26): α1 = α3 = 0 and α2 = 5.  With these values, Eq. (54) becomes the bidirectional 
Sawada-Kotera (bSK) equation [26]: 
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where S
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SK
u[ ]  is given by Eq. (12). 
 
The analysis in the case of W = 10 follows similar steps.  Again, the naïve extension of Eq. (48), 
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with S
4
KdV
u[ ]  given in Eq. (13), has only a single-soliton solution.  Again, special polynomials 
come to the rescue.  There are seven linearly independent local special polynomials of W = 10.  
Hence, the equations that have the same single-soliton solution as Eq. (46) have the form: 
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tt
! u
xx
! "
x
S
4
KdV
u[ ] ! # i R
10, i( )
u[ ]
i=1
7
$ = 0   . (57) 
 
Requiring that Eq. (57) has a two-solitons solution, of the same structure as the solution of Eq. 
(48), one finds that this is possible only for one set of values of αi, 1 ≤ i ≤ 7, for which it becomes 
the bCDG equation, [26]: 
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u[ ] = 0   . (58) 
 
S
2
CDG
u[ ]  is given by Eq. (15). 
 
Thus, the requirement of the existence of a two-solitons solution yields that the equations of the 
CDG hierarchy [26] are the only possible higher-scaling weight extensions of Eq. (48).  However, 
this procedure does not amount to a proof of integrability.  In fact, Eqs. (55) and (58) are known to 
have at least a two-solitons solution, however, it is not known whether they are integrable [26]. 
 
3.5 The GKK soliton – an example of failure 
In a mixed scaling weight equation (KdV + a W = 7 term), a new type of a single-soliton solution, 
the generalized (GKK) soliton, has been found [39-42].  That equation was shown to have also 
two- and three-GKK solitons solutions [39].  In pure scaling weights, the GKK-soliton solution 
appears for the first time in W = 9.  However, its equation does not have any multiple-GKK soliton 
solutions. 
 
Consider the most general W = 9 equation in the KdV sequence: 
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We look for a single-soliton solution, using the Hirota transformation [23] augmented by the ex-
pansion procedure developed in [43]: 
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2 log f t, x( )"# $%
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  . (60) 
 
Requiring that Eq. (55) be obeyed order-by order in ε, one obtains through O(ε2): 
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Proceeding to higher orders in ε, and setting ε = 1 at the end of the analysis, one finds that the co-
efficients in Eq. (59) correspond to four possibilities.  Three of them correspond to the single-
KdV, SK or KK solitons.  The fourth possibility is the single-GKK soliton.  Two of the coeffi-
cients are free, chosen here to be a5 and a6 , and the others are given by: 
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Substituting the expression for a7 in Eqs. (60) and (61) the new single-soliton solution is found: 
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This solution is reduced single-KdV soliton solution when Q → 0, and to the single-KK soliton 
solution − when Q = 1. Examples of single GKK-solitons are shown in Fig. 3. 
 
To find whether Eq. (59) has also a two GKK-solitons solution, one needs to perform the expan-
sion of [43] through O(ε4): 
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It is found that there is no a version of Eq. (59), which has the GKK single-soliton solution, and, at 
least, a two-solitons solution.  The coefficients a5 and a6 cease to be free, and obtain values, which 
reduce Eq. (59) into symmetries of the KdV, SK and KK equations, all integrable, or to the CDG 
equation, the integrability of which has not been established yet. 
 
4. Special polynomials in perturbed evolution equations 
Integrable equations provide approximations to complex dynamical systems.  The remainder of 
the equations of the original system generates a perturbation, characterized by a small parameter, 
|ε| « 1.  The role played by special polynomials in the analysis of solutions has been studied in the 
cases of the perturbed KdV, mKdV and NLS equations, using the Normal-Form expansion method 
[13, 16, 32-34].  The same picture emerges in all cases.  Here, only the case of the perturbed KdV 
equation is reviewed [35, 36, 38]. 
 
4.1 Special polynomials in the analysis of the perturbed KdV equation  
The generic form of the perturbed KdV equation is: 
 
 
w
t
= 6ww
1
+ w
3
+ ! 30"
1
w
2
w
1
+ 10"
2
ww
3
+ 20"
3
w
1
w
2
+ "
4
w
5( )
+ ! 2
140#
1
w
3
w
1
+ 70#
2
w
2
w
3
+ 280#
3
w w
1
w
2
+ 14#
4
w w
5
+ 70#
5
w
x
3
+ 42#
6
w
1
w
4
+ 70#
7
w
2
w
3
+ #
8
w
7
$
%&
'
()
+ O ! 3( )
  . (57) 
 
(A detailed analysis has been performed through O(ε3) in {36], [38].) 
 
Expanding w in an asymptotic series: 
 
 w t, x( ) = u t, x( ) + ! u 1( ) t, x( ) + ! 2 u 2( ) t, x( ) + O ! 3( )   . (58) 
 
The zero-order term, u, is governed by the Normal Form [13, 16, 19,  20, 32-34], which has the 
same N-solitons solutions, for any N as the unperturbed KdV equation: 
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Hence, u(t,x) represents elastic soliton scattering.  The only effect of Eq. (59) is to update the soli-
ton velocities according to [1-20] 
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4.2 Elastic and inelastic components 
When u is a multiple-solitons solution (N > 1), each correction term, u(n), in Eq. (58) can be de-
composed into a sum of an elastic component and an inelastic one.  The elastic component has the 
functional form obtained for u(n) in the single-soliton case.  It preserves the elastic nature of soliton 
collisions, characterizing the zero-order term, u. 
 
The inelastic component represents purely inelastic effects of soliton interactions, induced by the 
perturbation.  Both the part of the perturbation, which generates inelastic interactions, as well as 
the inelastic component in the solution, can be cast in terms of special polynomials.  This will be 
shown in detail for the first-order correction, u(1), which has been constructed in [32].  The result 
of [32] is re-written as: 
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The elastic component is given by [36, 38] 
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S is a linear combination of symmetries of the KdV equation, facilitating satisfaction of initial or 
boundary data.  The elastic component contains only powers of u and of ∂xku.  As a result, it re-
tains the elastic nature of solitons collisions that characterizes u. 
 
The inelastic component, u 1( )
in
, is given by [36, 38] 
 
 u 1( )
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4( )R
4,1( )
u[ ]   . (63)  
 
As u 1( )
in
 is proportional to the non-local special polynomial, R(4,1) (see Eq. (4)), it is of a purely ine-
lastic nature.  The amplitude of its contribution along each soliton trajectory depends on the wave 
numbers of all other solitons.  (See, e.g., Eq. (7)). 
 
u
1( )
in
 of Eq. (63) is the solution of the first-order equation: 
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The driving term is the local special polynomial, R(7,1) (see Eqs. (22) and (6)). 
 
 
 
 
4.3 “Obstacles to asymptotic integrability” and local special polynomials 
In higher orders, the part of the perturbation, which drives u n( )
in
, n ≥ 2, can be also cast in the form 
of a local special polynomial.  For example, u 2( )
in
, the inelastic contribution in u(2), is driven by a 
linear combination of the W = 9 local special polynomials of Eq. (19). 
 
The solution of Eq. (64) for u 1( )
in
 is the closed-form expression of Eq. (63) - a non-local special 
polynomial.  In orders n ≥ 2, most inelastic driving terms also generate closed-from contributions 
to u n( )
in
 in the form of non-local special polynomials.  However, some driving terms generate con-
tributions, for which differential polynomial expressions cannot exist.  These terms are “obstacles 
to asymptotic integrability” [13, 16, 33, 34]. 
 
Consider, for example, the case of the second-order correction to the solution.  The equation for 
u
2( )
in
 can be written as: 
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The driving term is a W = 9 local special polynomial, expressed in terms of the W = 8 local special 
polynomials of Eq. (53). The coefficients, µj, are known combinations of the unspecified coeffi-
cients in Eq. (57). 
 
The terms proportional to µ2 and µ3 generate closed-form, non-local special-polynomial contribu-
tions to u 2( )
in
.  For example, the contribution of the µ3-term to the solution of Eq. (65), shown in the 
following (together with its asymptotic form in the two-solitons case) is: 
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Eq. (66) demonstrates the inelastic nature of non-local special polynomials: For |t| → ∞, the con-
tribution of a soliton is affected by the wave number of the other soliton. 
 
However, the term proportion to µ1 in Eq. (65) is an obstacle if µ1 ≠ 0.  This can be seen as fol-
lows.  Denoting the contribution of the by µ1 – term to u 2( )in  by µ1 ∂xω(2), the equation for ω(2) is: 
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R(8,1), the driving term in Eq. (67), is a W = 8 local special polynomial.  The differential operator, 
L, has scaling weight 3.  Hence ω(2) must have W = 5.  R(5), the space of all W = 5 special polyno-
mials, is a finite dimensional linear space (there are 10 linearly independent special polynomials in 
this scaling weight).  A direct check yields that R(8,1) is not contained in L•R(5).  Hence, ω(2) cannot 
be written in closed form as a differential polynomial in u, and has to be found numerically.  Fig. 2 
shows the numerical solution for ω(2), when u is a two-solitons solution.  Zero-initial data were 
chosen for large negative time. 
 
ω(2) contains contributions along the two solitons, similar to the closed-form ones generated by the 
other driving terms in Eq. (65).  (See, e.g., Eq. (66).)  Apart from the numerically determined 
amplitude, the profile of the asymptotic contribution along each soliton is identical to that of the 
same soliton. 
 
However, ω(2) also contains a dispersive wave.  The localized nature of the special polynomial, 
R(8,1), and of the solitons, allows one to obtain the following approximate equation for ω(2): 
 
 
 
!
t
"
2( )
# !
x
3
"
2( )
x ! 0 , t ! 0 , x + k
1
t ! 0 , x + k
2
t ! 0( )   . (68) 
 
Eq. (68) is a valid approximation away from the soliton-collision region and from the two solitons.  
A solution of Eq. (68) using of Hypergeometric functions mimics the dispersive wave. 
 
5. Open problems 
The ideas presented in the previous sections raise two questions. 
 
1. Conditions for integrability: In the cases studied here, requiring the existence of single- and 
two-solitons solutions was sufficient for identifying, in a given scaling weight, all the equations 
that are integrable, or, at least have single-soliton and two-solitons solutions.  Are there general 
conditions, under which the existence of these two solutions is sufficient to ensure that a nonlinear 
evolution equation is integrable, and, in particular, has N-soliton solutions for any N > 1?  Is the 
special role played by the two-solitons solution connected in any way with the fact that the Hirota 
construction of multiple-soliton solutions [23] is based solely on two-wave interactions? 
 
2. Symmetry properties of special polynomials:  Let n the order in the expansion, in which an ob-
stacle to asymptotic integrability appears for the first time.  Similar to Eqs. (64) and (65), in all 
orders, m ≤ n, the equation obeyed by the inelastic component, is : 
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The driving term, R(2 m + 5), is a special polynomial of W = 2 m + 5.  The differential operator L in 
Eq. (69) has W = 3.  Hence, u
in
m( ) must have W = 2 m + 2.  The dimensions of the spaces of special 
polynomials grow with W, 
 
 dim R W =2m + 2( ){ } < dim R W =2m + 5( ){ }   . (70) 
 
There is no polynomial solution for u
in
n( )  if R(2 n + 5) is not contained in the image of R(W = 2 n + 2) un-
der L: 
 
 R 2 n + 5( ) u[ ]!LR W =2 n + 2( )   . (71) 
 
If Eq. (8), the decomposition of R(W), were associated with the irreducible representations of some 
symmetry group, this would contribute to understanding when a perturbed integrable equation is 
or is not asymptotically integrable. 
 
Appendix I.  Bounded non-local entities 
The first few q(W,l) are: 
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To guarantees that non-local R(W,l) vanish when u is a single-soliton solution, and represent pure 
inelastic contributions along soliton trajectories when u is a multiple-solitons solution, the !
x
"1  op-
eration has to be defined by 
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Appendix II.  Computing special polynomials 
The procedure for the construction of special polynomials is straightforward.  One constructs the 
most general differential polynomial in u, the solution of an evolution equation, in a give scaling 
weight, W.  The polynomial may contain monomials comprised of powers of u and ∂xku, as well as 
bounded non-local entities, examples of which have been presented in Appendix I.  Each polyno-
mial is multiples by an unspecified coefficient.  One then substitutes for u the single-soliton solu-
tion, and requires that the differential polynomial vanish identically.  This determines some of the 
coefficients.  The number of undetermined coefficients equals the number of linearly independent 
special polynomials in the scaling weight considered. 
 
AS an example, consider the case of W = 3, with u being the solution of the KdV equation.  The 
most general differential polynomial in this scaling weight is: 
 
 R 3( ) = a
1
u
x
+ a
2
qu + a
3
q
3
+ a
4
q
3,1( )   . (II.1) 
 
Substituting the single-KdV soliton solution in R(3), and requiring that it vanish identically reveals 
that two of the coefficients remain undetermined, so that there are only two linearly independent 
special polynomials, the ones given by Eq. (3). 
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Fig. 1 Local special polynomial R(6,1); u is a two-solitons solution; k1 = 0.25, k2 = 0.15. 
 
 
 
 
Fig.2 Solution of Eq. (67); u is a two-solitons solution; k1 = 0.25, k2 = 0.15. 
  
 
Fig. 3a GKK single-soliton with k = 0.2, Q = 0.8 
 
 
 
 
 
Fig. 3b GKK single-soliton with k = 0.2, Q = 0.2 
